REFINEMENT OF CARR AND JOHNSON'S RESULTS ON $\mathcal{P}_k\lambda$-COMBINATORICS(Metamathematics and it's applications) by 阿部, 吉弘
Title
REFINEMENT OF CARR AND JOHNSON'S RESULTS ON
$\mathcal{P}_k\lambda$-
COMBINATORICS(Metamathematics and it's applications)
Author(s)阿部, 吉弘




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
REFINEMENT OF CARR AND JOHNSON’S RESULTS ON
$P_{\kappa}\lambda$-COMBINATORICS
(Yoshihiro Abe)
$\mathcal{P}_{\kappa}\lambda$ combinatorics Carr , Johnson
. . , , $\kappa$ regular
uncountable , $\lambda$ $\kappa$ cardinal . , $P_{\kappa}\lambda=\{x\subset\lambda : |x|<\kappa\}$ ,
$|x|$ $x$ cardinality .
1. Carr .
Carr [2] .
Theorem. (Carr) If $\mathcal{P}_{\kappa}\lambdaarrow(SNS^{+}\lambda)^{2}\kappa$’then $\kappa$ is almost $\lambda$ -ineffable.
, .
Definition. (1) $x\in P_{\kappa}\lambda$ , $\hat{x}=\{y\in P_{\kappa}\lambda : x\subset y\}$ .
(2) $X\subset P_{\kappa}\lambda$ unbounded .
$\forall x\in P_{\kappa}\lambda$ ( $X$ $\hat{x}\neq\emptyset$ )
(3) $I_{\kappa\lambda}=$ { $X\subset P_{\kappa}$A : $X$ is not unbounded}.
(4) $X$ function $f$ regressive , .
$\forall x\in X(f(x)\in x)$
(5) $SNS_{\kappa\lambda}=\{X\subset P_{\kappa}\lambda$ : $\exists f$ : $Xarrow\lambda(f$ is regressive and $f|Y$ is not constant for any
. unbounded $Y\subset X$ )}.
(6) $I\subset \mathcal{P}(\mathcal{P}_{\kappa}\lambda)$ , $I^{+}=P(\mathcal{P}_{\kappa}\lambda)-I,$ $I^{*}=\{X\subset \mathcal{P}_{\kappa}\lambda : P_{\kappa}\lambda-X\in I\}$ .
(7) $X\subset \mathcal{P}_{\kappa}\lambda$ , $[X]2=\{(x, y)\in X\cross X : x\subsetneq y\}$ .
(8) $X\subset P_{\kappa}\lambda$ $I\subset P(\mathcal{P}_{\kappa}\lambda)$ , $Xarrow(I^{+})^{2}$ .
$\forall F:[X]^{2}arrow 2\exists H\in P(X)\cap I^{+}$ ( $F|[H]^{2}$ is constant)
(9) $X$ function $f$ set regressive , .
$\forall x\in X(f(x)\subset x)$
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(10) $X\subset \mathcal{P}_{\kappa}\lambda$ almost $\lambda- \mathrm{i}\mathrm{n}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ , .
$\forall f$ : $Xarrow P_{\kappa}\lambda[$ ( $f$ is set $regresSive$) $arrow\exists A\subset\lambda(\{x\in X:f(x)=x\cap A\}\in I_{\kappa\lambda}^{+})]$
, Carr , .
, .
Definition. (1) $I\subset \mathcal{P}(\mathcal{P}_{\kappa}\lambda)$ ideal , $(\mathrm{a})\sim(\mathrm{d})$ .
(a) $\psi_{\in I\wedge}\mathrm{p}\kappa\lambda\not\in I$ .
(b) $X\subset Y\wedge Y\in Iarrow X\in I$ .
(c) $\delta<\kappa$ A $\{X_{\alpha} : \alpha<\delta\}\subset Iarrow\bigcup_{\alpha<\delta}X_{\alpha}\in I$.
(d) $\forall\alpha<\lambda(\{x\in P_{\kappa}\lambda : \alpha\not\in x\}\in I)$ .
(2) $NP(I)=\{X\subset \mathcal{P}_{\kappa}\lambda : X\neq(I^{+})^{2}\}$ .
(3) $I$ normal .
$\forall X\in I^{+}\forall f_{:}Xarrow\lambda[$ ( $f$ is $\Gamma egressive$ ) $arrow\exists Y\in P(X)\cap I^{+}$ ( $f|Y$ is constant)].
(4) $X\subset \mathcal{P}_{\kappa}\lambda$ closed .
$\forall\delta<\kappa\forall\{x_{\alpha} : \alpha<\delta\}\subset X[\forall\alpha<\forall\beta<\delta(x_{\alpha}\subset x_{\beta})arrow\bigcup_{\alpha<s}X_{\alpha}\in X]$
(5) $X\subset P_{\kappa}\lambda$ club , $X$ closed and unbounded .
(6) $Ns_{\kappa\lambda}=$ { $X\subset \mathcal{P}_{\kappa}\lambda$ : $\exists C(C$ is club and $C\cap X=\emptyset)$ }.
Fact 1. (1) $NP(I)$ is an ideal on $P_{\kappa}\lambda$ for any ideal I on $P_{\kappa}\lambda$ .
(2) $NS_{\kappa\lambda}$ is the minimal normal ideal on $P_{\kappa}\lambda$ .
(3) $I_{\kappa\lambda}\subsetneq SNS_{\kappa\lambda}\not\in NS_{\kappa\lambda}$ .
(4) If any regressive function on $X$ is constant on some $Y\in P(X)\cap SNS_{\kappa\lambda J}^{+}$ then $X\in$
$NS_{\kappa\lambda}^{+}$ .
Lemma 1. $NS_{\kappa\lambda}\subset NP(SNs_{\kappa\lambda})$ .





, H\in P(X)\cap SNS , $F|[H|^{2}$ constant ,
$F”[H]^{2}=\{1\}$ . , $x,$ $y\in H$ ,
$x\subset yarrow f(x)\leq f(y)$




$H$ $\hat{x}$ $f$ constant
$x\in H$ .
$H$ $\hat{x}\in SNS^{+}\hslash\lambda$ , Fact $1-(4)$ , X\in NS . $\ovalbox{\tt\small REJECT}$
Definition. (1) $h:\lambda\cross\lambdaarrow\lambda$ ,
$C_{h}=\{x\in \mathcal{P}_{\kappa}\lambda : h;’\subset X\cross XX\}$
(2) $X\subset \mathcal{P}_{\kappa}\lambda$ , $f$ : $Xarrow\lambda\cross\lambda$ regressive ,
$\forall x\in X(f(x)\in X\cross X)$
Fact 2. (1) $C_{h}$ is club for any $h:\lambda \mathrm{x}\lambdaarrow\lambda$ .
(2) If any regressive function $f$ : $Xarrow\lambda \mathrm{x}\lambda$ is constant on some unbounded subset of $X$ ,
then $X\in NS_{\kappa\lambda}^{+}$ .
Lemma 2 (1) Let $h:\lambda \mathrm{x}\lambdaarrow\lambda$ be abijection. If $X\cap C_{h}\in SNS_{\kappa\lambda}^{+}$ , then $X\in NS_{\kappa\lambda}^{+}$ .
Proof. $g:X\cap C_{h}arrow\lambda\cross\lambda$ regressive .
$h\circ g:x\cap C_{h}arrow\lambda$ $X\cap C_{h}$ regressive function , $X\cap C_{h}\in$ SNS
,
$\exists Y\in I_{\kappa\lambda}^{+}$ ( $Y\subset X\cap C_{h}$ A $(h\mathrm{o}g)|Y$ is constant)
, $h$ bijection ,
$g|Y$ is constant
, Fact $2-(2)$ , $X\cap C_{h}\in NS_{\kappa\lambda}^{+}$ . $\square$
Lemma 3. $NP(SNs_{\kappa\lambda})=NP(Ns_{\kappa\lambda})$ .
Proof. Lemma 1 , $NS_{\kappa\lambda}\subset NP(SNs_{\kappa\lambda})\subset NP(Ns_{\kappa\lambda})$ .
$X\in NP(sNS_{\kappa\lambda})^{+}$ .




$\forall F:[X\cap C_{h}]^{2}arrow 2\exists H\in SNS_{\kappa\lambda}^{+}$ ( $F|[H]^{2}$ is constant)
, $H=H\cap C_{h}\in SNS_{\kappa\lambda}^{+}$ , Lemma 2 , $H\in NS_{\kappa\lambda}+$ . ,
$\forall F:[X]^{2}arrow 2\exists H\in NS_{\kappa\lambda}^{+}$ ( $F|[H]^{2}$ is constant)





Theorem 1. $P_{\kappa}\lambdaarrow(SNs_{\kappa\lambda}+)^{2}$ if and only if $P_{\kappa}\lambdaarrow(NS_{\kappa\lambda}^{+})^{2}$ .
$\mathcal{P}_{\kappa}\lambdaarrow(NS_{\kappa\lambda}^{+})^{2}$ , $\kappa$ $\lambda- \mathrm{i}\mathrm{n}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ .
Definition. (1) $X\subset P_{\kappa}\lambda$ $\lambda- \mathrm{i}\mathrm{n}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ .
$\forall f$ . $Xarrow P_{\kappa}\lambda[$( $f$ is set $regresSive$ ) $arrow\exists A\subset\lambda(\{x\in P_{\kappa}\lambda : f(x)=x\cap A\}\in NS_{\kappa\lambda}^{+})]$ .
(2) $\kappa$ $\lambda- \mathrm{i}\mathrm{n}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ $\mathcal{P}_{\kappa}\lambda$ $\lambda- \mathrm{i}\mathrm{n}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ .
Kamo [6] , $\kappa$ Xineffable , almost $\lambda$ -ineffable ,
. , Theorem 1 Carr
.
2. Partial answer for Johnson’s question.
[5] Johnson .
Is $I_{\kappa\lambda}(\lambda, 2)$ -distributive if $\kappa$ is mildly $\lambda$ -ineffable ?
, Theorem 2 .
Theorem 2. One can not prove in $ZFC$ that $I_{\kappa\lambda}$ is $(\lambda, 2)$ -distributive whenever $\kappa$ is mildly
$\lambda$ -ineffable.
, .
Definition. (1) $X\subset \mathcal{P}_{\text{ }}\lambda$ mildly $\lambda- \mathrm{i}\mathrm{n}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ , .
$\forall f$ : $Xarrow \mathcal{P}_{\kappa}\lambda$ [( $f$ is set $regresSive)arrow\exists A\subset\lambda\forall x\in \mathcal{P}_{\kappa}\lambda\exists y\in X\cap\hat{x}(f(y)\cap x=x\cap A)$]
(2) $W$ $A\in I^{+}$ I-partition , $(\mathrm{a})\sim(\mathrm{c})$ .
(a) $W\subset P(A)\cap I^{+}$ .
(b) $\forall\{X, Y\}\subset W[ (X\neq Y)arrow(X\cap Y\in I)]$ .
(c) $\forall B\in \mathcal{P}(A)\cap I^{+}\exists Z\in W(B\cap Z\in I^{+})$ .
(3) $I$ $(\lambda, 2)$-distributive ,
$\forall\{W_{\alpha} : \alpha<\lambda\}[\forall\alpha<\lambda$ ( $W_{\alpha}$ is an $I$-partition of A $\wedge|W_{\alpha}|\leq 2$ )
$arrow\exists B\in P(A)\cap I^{+}\forall\alpha<\lambda\exists X_{\alpha}\in W_{\alpha}(B-X_{\alpha}\in I)]$
Johnson’s question . mildly $\lambda$-ineffable , weak compactness –
. ,
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$\kappa$ is weakly compact if and only if $\kappa$ is mildly $\kappa$-compact
. ,
$\kappa$ is weakly compact $arrow I_{\kappa\kappa}$ is $(\kappa, 2)$ -distributive
. Johnson’s question .
Lemma 4 If I is $(\lambda, 2)- di_{St}ributive_{f}$ then $I|X=\{Y\subset \mathcal{P}_{\kappa}\lambda : Y\cap X\in I\}$ is also $(\lambda, 2)-$
distributive for any $X\in I^{+}$ .
Proof. $A\in(I|X)^{+},$ $\alpha<\lambda$ $W_{\alpha}$ $A$ $I|X$-partition $|W_{\alpha}|\leq 2$ .
$B=A\cap X\in I+$ . $U_{\alpha}=\{Z\cap X : Z\in W_{\alpha}\}$ , $U_{\alpha}$ $B$ I-partition
.
(a) $U_{\alpha}\subset P(B)\cap I^{+}$ ,
$Z\in W_{\alpha}arrow Z\in P(A)\cap(I|X)^{+}arrow Z\cap X\in \mathcal{P}(B)\cap I^{+}$
(b) .
(c) $Y\in \mathcal{P}(B)\cap I^{+}$ . $Y\subset B\subset X$ $Y\in P(A)\cap(I|X)^{+}$ . ,
$Z\in W_{\alpha}$ $Y\cap Z\in(I|X)^{+}$ .
$Z\cap X\in U_{\alpha}$ $(Y\cap Z)\mathrm{n}X\in I^{+}$ , $Y\cap(Z\cap X)\in I^{+}$ .
, $B\in I^{+}$ $I$ $(\lambda, 2)$ -distributive ,
$\forall\alpha<\lambda\exists S_{\alpha}\in W_{\alpha}(C-S_{\alpha}\in I)$
, $C\in \mathcal{P}(B)\cap I^{+}$ .
$C\in \mathcal{P}(A)\cap(I|X)^{+}$ , $s_{\alpha}=\tau_{\alpha}\mathrm{n}x$ $T_{\alpha}$ \in W ,
$(C-T)\alpha\alpha^{\cap}\subset-S\cap X=c\mathrm{n}X-\tau xc\alpha\in I$
, $C-T_{\alpha}\in I|X$ . $\square$
Definition. (1) $J_{\kappa\lambda}=\{X\subset P_{\kappa}\lambda$ : $\exists\delta<\lambda\exists f$ : $Xarrow\delta\chi\delta(f$ is regressive and $f|Y$ is
not constant for any $Y\in P(X)\cap I_{\kappa\lambda}^{+})\}$ .
(2) $I$ seminormal , .
$\forall X\in 1^{+}\forall\delta<\lambda\forall f$ : $Xarrow\delta$ [( $f$ is $\mathrm{r}\mathrm{e}\mathrm{g}_{\Gamma \mathrm{e}\mathrm{S}}\mathrm{S}\mathrm{i}\mathrm{v}\mathrm{e})arrow\exists Y\in P(X)\cap I^{+}(f|Y$ is constant )].
(3) $h:\delta\cross\deltaarrow \mathcal{P}_{\kappa}\lambda$ ,
$C_{h}=\{x\in \mathcal{P}_{\kappa}\lambda : \forall\alpha, \beta\in X\cap\delta(h(\alpha, \beta)\subset x)\}$
(3) $I$ $\lambda$-generated
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$\exists\{G_{\alpha} : \alpha<\lambda\}(I=\{X\subset \mathcal{P}_{\kappa}\lambda : \exists\alpha<\lambda(X\subset G)\alpha\}$ .
(4) $I^{+}arrow(I^{+})^{2}$ .
$\forall X\in I^{+}\forall F:[X]^{2}arrow 2\exists H\in P(X)\cap I^{+}$ ( $F|[H]^{2}$ is constant).
Fact 3 Johnson[$4|$ .
Fact $3.(\mathrm{J}\mathrm{o}\mathrm{h}\mathrm{n}\mathrm{s}\mathrm{o}\mathrm{n})(1)$ If $\lambda$ is $regu\iota ar_{f}$ then $J_{\kappa\lambda}$ is the minimal seminormal ideal on $\mathcal{P}_{\kappa}\lambda$ .
(2) If $\lambda^{<\lambda}=\lambda$ , then for all $X\in J_{\kappa\lambda}^{+}$ there exists a $Y\in P(X)\cap J_{\kappa\lambda}+$ such that $J_{\kappa\lambda}|X=I_{\kappa\lambda}|X$ .
(3) If I is seminormal $\lambda$ -generated and $(\lambda, 2)$ -distributive, then $I^{+}arrow(I^{+})^{2}$ .
(4) If I is seminormal $\lambda$ -generated and $P_{\kappa}\lambdaarrow(I^{+})^{2}$ , then for any set regressive $f$ : $P_{\kappa}\lambdaarrow$
$P_{\kappa}\lambda_{f}$ there is a set $A\subset\lambda$ such that for each $\delta<\lambda$ ,
$\{x\in P_{\kappa}\lambda : f(x)\cap\delta=x\cap A\cap\delta\}\in I^{+}$ .
Fact 4. (Abe [1]) (1) If $\lambda$ is regular, then $J_{\kappa\lambda}$ is generated by $\{P_{\kappa}\lambda-Ch:h:\delta\cross\deltaarrow \mathcal{P}_{\kappa}\lambda$
for some $\delta<\lambda$ }.
Lemma 5. If $\lambda^{<\lambda}=\lambda$ and $I_{\kappa\lambda}$ is $(\lambda, 2)$ -distributive, then $\kappa$ is $\delta$-ineffable for all $\delta<\lambda$ .
Proof. Fact $3-(1)$ , Fact 4 $\ \lambda<\lambda=\lambda\subseteq \mathrm{k}\text{ },$ $\lambda t\mathrm{h}$ regular $\text{ }J_{\kappa\lambda}[]\mathrm{h}$ seminormal $-C\lambda-$
generated . , Fact $3-(2)$ ,
$I=J_{\kappa\lambda}|X=I|\kappa\lambda X$
$X\in I_{\kappa\lambda}^{+}$ . $I_{\kappa\lambda}$ $(\lambda, 2)$ -distributive Lemma 4 ,
$I=I_{\kappa\lambda}|X$ $(\lambda, 2)$ -distributive . , $J_{\kappa\lambda}$ $\{G_{\alpha} : \alpha<\lambda\}$
, $\{G_{\alpha}\cup(P_{\kappa}\lambda-X) : \alpha<\lambda\}$ $J_{\kappa\lambda}|X=I$ , $I$ $\lambda$ -generated
, seminormal . , $I$ seminormal $\lambda- \mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}(\lambda, 2)-$
distributive , Fact $3-(3)$ , $I^{+}arrow(I^{+})^{2}$ . ,
$P_{\kappa}\lambdaarrow(I^{+})^{2}$
.
, $\delta<\lambda$ , $f$ : $P_{\kappa}\deltaarrow P_{\kappa}\delta$ set regressive .
$g(x)=f(x\cap\delta)$
$g:P_{\kappa}\lambdaarrow P_{\kappa}\lambda$ , $g$ set regressive Fact $3-(4)$ ,
$\{X\in P_{\kappa}\lambda:_{\mathit{9}(X)\}}\mathrm{n}\delta=x\mathrm{n}A\cap\delta\in I^{+}$ .
$A\subset\lambda$ .
$B=\{x\cap\delta:x\in A\}$ , $x\in B$ , $f(x)=x\cap A$ .
, $p_{*}(I)$
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$X\in p_{*}(I)$ iff $X\subset P_{\kappa}\delta$ and $\{x\in P_{\kappa}\lambda : x\cap\delta\in X\}\in I$
, $p_{*}(I)$ $P_{\kappa}\delta$ normal ideal $B\in p_{*}(I)^{+}$ . $B\in NS_{\kappa\lambda}+$ (Fact
$1-(2))$ , $\kappa$ ( $\delta$-ineffable $\square$
, large cardinal .
Definition. (1) $\mathcal{U}\subset \mathcal{P}(P_{\kappa}\lambda)$ fine ultrafilter on $P_{\kappa}\lambda$
.
(a) $\emptyset\not\in \mathcal{U}$ .
(b) $X\in \mathcal{U}\wedge X\subset Yarrow Y\in \mathcal{U}$ .
(c) $\delta<\kappa$ A $\{X_{\alpha} : \alpha<\delta\}\subset \mathcal{U}arrow \mathrm{n}_{\alpha<}sX\alpha\in \mathcal{U}$.
(d) $\forall\alpha<\lambda(\{x\in P_{\kappa}\lambda : \alpha\in X\}\in \mathcal{U})$ .
(e) $\forall X\subset P_{\kappa}\lambda(X\in \mathcal{U}\vee P_{\kappa}\lambda-X\in \mathcal{U})$ .
(2). A fine $\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{f}\mathrm{i}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}\mathcal{U}$
’
on $P_{\kappa}\lambda$ is normal if any regressive function $f$ : $P_{\kappa}\lambdaarrow\lambda$ is constant
on some $X\in \mathcal{U}$ .
(3) $\kappa$ is $\lambda$-compact if there is a fine ultrafilter on $P_{\kappa}\lambda$ . $\kappa$ is strongly compact if $\kappa$ is
$\lambda$-compact for all $\lambda\geq\kappa$ .
(4) $\kappa$ is $\lambda$-supercompact if there is a normal ultrafilter on $P_{\kappa}\lambda$ . $\kappa$ is supercompact if $\kappa$
is $\lambda$-supercompact for all $\lambda\geq\kappa$ .
(5) $\kappa$ is measurable if $\kappa$ is $\kappa$ -compact.
Fact 5. ( $\mathrm{D}\mathrm{i}\mathrm{P}\mathrm{r}\mathrm{i}_{\mathrm{S}}\mathrm{c}\mathrm{o}$ and Zwicker [3], Magidor [8], [9])
(1) $If\kappa$ is $2^{\lambda^{<\kappa}}$ -ineffable, then $\kappa$ is $\lambda$ -supercompact.
(2) It is consistent that the first strongly compact cardinal is the first measurable.
(3) If $\kappa$ is $\lambda$ -compact, then $\kappa$ is mildly $\lambda$ -ineffable.
(4) If $\kappa$ is $2^{\kappa}$ -supercompact, then $\kappa$ is not the first measurable.
Proof of Theorem 2. $ZFC\vdash\forall\kappa\forall\lambda$ ( $\kappa$ is mildly $\lambda$-ineffable $arrow I_{\kappa\lambda}$ is $(\lambda,$ $2)$ -distributive)
. Fact $5-(2)$ $\kappa$ strongly compact the first measurable
$ZFC$ model . Fact $\bm{5}-(3)$ Lemma 5 $\kappa$ $2^{2^{\kappa}}$ -ineffable ,
Fact $5-(1)$ $\kappa$ $2^{\kappa}$-supercompact . Fact $5-(4)$ , $\kappa$ the first
measurable .
.
Theorem 3. $ZFC\forall\forall\kappa$ [ $\kappa$ is strongly $compaCtarrow\forall\lambda(I_{\kappa\lambda}^{+}arrow(I_{\kappa\lambda}^{+})^{2})$ ].
3. Complement.
$I_{\kappa\lambda}$ $(\lambda, 2)$-distributive .
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Theorem 4. If $\lambda^{<\kappa}=2^{\lambda}$ , then $I_{\kappa\lambda}$ is not $(\lambda, 2)$ -distributive.
, Johnson [4], [5] .
Definition. $I$ strongly normal .
$\forall X\in I^{+}\forall f$ : $Xarrow P_{\kappa}\lambda[\forall x\in X(f(x)\subset x\wedge|f(X)|<|x\cap\kappa|)$
$arrow\exists Y\in \mathcal{P}(X)\cap I^{+}$ ( $f|Y$ is constant ) $]$
Fact 6. (1) (Baumgartner) If there is a $\nu<\kappa$ such that $\nu^{+}<\kappa,$ $\lambda^{\nu}=2^{\lambda}$ and for each
$\eta<\kappa,$ $\eta^{\nu}<\kappa$ , then $I_{\kappa\lambda}|X$ is normal for some $X\in I_{\kappa\lambda}^{+}$ .
(2) $I_{\kappa\lambda}|X$ is not strongly normal for any $X\in I_{\kappa\lambda}^{+}$ if $\kappa$ is weakly inaccessible.
(3) Suppose that $\kappa$ is inaccessible. If I is normal and $(\mu, \lambda)$ -distributive for any $\mu<\kappa$ ,
then I is strongly normal.
(4) If $I_{\kappa\lambda}$ is $(\lambda, 2)$ -distributive, then $\kappa$ is mildly $\lambda$ -ineffable.
Proof of Theorem 4. $\lambda^{<\kappa}=2^{\lambda}$ $I_{\kappa\lambda}$ $(\lambda, 2)- \mathrm{d}\mathrm{i}\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{b}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}$ . Fact $6-(4)$ $\kappa$
inaccessible , Fact $6-(1)$ . , $I_{\kappa\lambda}|X$ normal
$X\in I_{\kappa\lambda}^{+}$ . $I_{\kappa\lambda}|X$ Fact $6-(3)$ strongly normal
, Fact $6-(2)$ . $\square$
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